The behaviour of the propagation functions of quantized field theories at small distances is investigated in connection with the problem of consistency of the perturbation theoretical renormalization scheme. An attempt is made to adapt the conventional HAMii/roNian and 5-matrix formalism to the renormalization concept in such a way that a finite theory of interacting physical (dressed) particles results which as a whole and at each step of approximation satisfies the axioms of the general structure theory of quantized fields, notably causality and positive definiteness. If the physical particles of a field theory with point interaction are extended objects owing to the extension of the cloud of virtual quanta in the physical states, then the theory admits of a finite formulation with the extent of the cloud introducing a natural, coupling-dependent built-in cutoff. The limiting case of a pointlike cloud corresponds to physical particles which because of their strong self-interaction do not interact with one another. This case, corresponding to the zero coupling limit, represents the most singular one given by the theory. An increase of interaction or coupling implies an increase of the size of the cloud and a corresponding charge spread. Conversely, there cannot be interaction if there is no extended cloud and charge spread. Cloud and charge structure come in via causal form factors related to vertex parts and electromagnetic form factors, which however a perturbation theoretical scheme cannot take into account.
Introduction and Discussion

Phenomenological Considerations
If the physical particles of a quantum field theory with point interaction are extended objects owing to the extension of the cloud of virtual quanta in the physical states, then the theory should be finite if it is formulated in such a way that the size of the cloud introduces a natural built-in cutoff. The theory then also should be convergent in an approximative description which at each step accounts explicitly and in a mathematically consistent way for the extended cloud structure of the particles. The conventional perturbation approach to quantized field theories does not have this property: Since the perturbation approximations to the vertex function do not vanish sufficiently rapidly for large momenta, the dominating contribution of virtual quanta with arbitrarily high momenta causes the cloud of the physical particles to be point-like (see sections 3 and 4). This manifests itself in a divergent 1 wave function normalization factor Z~1 and implies a mapping of the approximate theory into a free one by renormaliza-* Work done under the auspices of the German Federal Ministry for Atomic Energy, the International Atomic Energy Agency and the Brazilian National Research Council. ** Authors' present address: Max-Planck-Institut für Physik und Astrophysik, München, Germany. 1 The wave function renormalization Z~1 could diverge also tion if one insists that the theory have the correct axiomatic structure. The reduction of the interaction to zero sometimes is reinterpreted in terms of ghost states by reintroducing interaction at the expense of destroying the axiomatic structure of the theory.
At first sight, the observable corrections to the COULOMB potential due to vacuum polarization in quantum electrodynamics would seem to contradict the statement that perturbation approximations only contribute a point-like cloud to the physical particles since those corrections result already from the formally renormalized, non-iterated electron-positron bubble. However, within the frame of an axiomatic local theory the bubble approximation of the photon propagator (and any finite-order iteration of it) cannot be renormalized in a consistent and not only formal way unless both the renormalized and the unrenormaziled coupling constants, g and g0 respectively, vanish identically. For a nonzero g, a consistent renormalization within the considered order of approximation requires the introduction of a high-energy cutoff 1/2 such that the corresponding approximate Z-factor [Z ~ 1 +g 2 log(m X) ] in case of a decreasing vertex function if the unrenormalized coupling would turn out to be infinite. This would not necessarily imply a free theory. In what follows, if we refer to a divergent 1 we suppose this divergency to be due to an insufficiently rapidly decreasing vertex part or, more generally, absorptive part of the (renormalized) proper self-energy. comes arbitrarily close to one. This presupposes of course that the exact local theory be mathematically well-defined for g 2 > 0 (for the contrary case cf. the later discussion) and that the cutoff does not make itself felt for momenta much smaller than 1/7.
Hence, within the frame of a consistent renormalization formalism the observable corrections derived from the bubble approximation appear as being due to the fact that the cutoff reveals the cloud structure of the physical particle for distances much larger than X. However, the main contributions to the renormalization effects -in particular, the magnitude of the normalization factor Z which connects g and g0 by g 2 = Z(g 2 ) g 2 -are determined by the cloud's structure in the region 0 < r I which owing to the cutoff can never be attained. Any finite order iteration of the bubble approximation obviously gives rise to the same situation. It is however only the sum of all the iterations of proper diagrams that can be renormalized consistently without the necessity of Z being kept close to one. In the local limit, which however a perturbation theoretical expansion cannot take into account.
Outline of the Program
In shrinks to the point g = 0 while the second one extends to the whole region g 2 >0 (see Fig. 1 give at least a qualitative information about the small distance structure of the exact theory for sufficiently small coupling. [Fn] which includes all proper totally iterated graphs up to any finite order, nor are the form factors reproducable by a perturbation theoretical approach. The formally renormalized nonaxiomatic (approximate) propagators obtained from a perturbation theoretical treatment of the local theory, therefore, turn out to be asymptotic representations (for g 2 +0) of the axiomatic propagators supplied by the new approximation scheme. The propagator given by the first step of the scheme coincides with the one obtained recently by RED-MOND 3 and BOGOLIUBOV et al. 4 in a formal way from a selected infinite set of graphs by summing the associated spectral functions. Our higher approximations, however, give rise to different possibilities. The introduction (into the HAMiLTONian) of form factors which do not contribute to formal series expansions in powers of g 2 and the requirement of asymptotic coincidence of perturbation theoretical and axiomatized propagators can indeed be taken as a starting point for putting BOGOLIUBOV'S purely formal method on a mathematically rigorous and physically meaningful basis 5 . REDMOND'S techniques evidently rests upon the assumption that the exact local theory exist. This assumption needs not to be made in the theory proposed in this paper: Our formalisms still works even if the local theory does not exist, in which case the formalism automatically amounts to a modification of the theory according to the underlying principle of physical particles which possess an extended cloud structure and a probabilistic charge spread in consequence of the interaction. This new theory will then have the formally renormalized but axiomatically inconsistent local theory as an asymptotic representation (for arbitrarily weak coupling) in case the latter exhibits logarithmic divergences. This applies in 3 P. J. REDMOND, Phys. Rev. 112, 1404 [1958 and preprints. -P. J. REDMOND and J. L. URETSKY, Nucl. Phys. 12, 485 [1959] . It is one of the purposes of this paper to give a physical interpretation to REDMOND'S work. The authors are grateful to Dr. REDMOND for communications in advance of publication. Evidently, even if an exact local theory would turn out to define a consistent scheme but would lose its physical meaning at small distances, the suggested approximation scheme might prove useful in a modification of the theory that accounts for the structure of the physical particles and eventually introduces new degrees of freedom but still preserves the selection rules and graph schemes which govern the original local theory. is borne out by a projection of "bare with respect to physical vacuum" -states onto physical particle states in which the form factors play the role of weight functions (section 4). It follows quite generally from this projection that a finite normalization factor Z _1 , i. e., a sufficiently rapidly decreasing vertex function 1 , leads to physical particles which have an extended cloud or charge spread whereas an infinite Z _1 , i. e., an insufficiently rapidly decreasing vertex function, renders the cloud of the physical particles to be point-like. In the axiomatized theory, the form factors F and F (resp., Fn and Fn) give rise to a finite wave function normalization Z~*(g 2 ) for g 2 >0 and, therefore, to a cloud of finite extent which shrinks to a point (the one defined by the bare quantuum) in the limit g 2 ->-+0 in which Z -1 -*-+ oo and
Discussion of the Results
. This permits the interpretation that it is the point structure of the cloud that actually causes the vanishing of the interaction. The resulting free (dressed!) physical particle -it is of course not identical with the bare one -behaves in virtue of its singular structure like an uncharged object that carries in itself the potentiality of evolving into a charged particle with the increase of the dimension of the cloud. This evolution is described by the structure function F (x,g 2 ) or, equivalently, by F (p, g 2 ). The dynamical form factors impart to the free uncharged physical particles at the same time both a charge capable of interaction and a probabilistic charge spread (or cloud structure) the latter being superimposed to the kinematical (mass-) spread the free particles possess in virtue of the combination of relativistic and quantal properties. Hence, there cannot be interaction (and/or charge) if there is no extended cloud (or charge spread) and vice versa. It is clear, therefore, that the Fn , Fn are the physically relevant quantities. As has been pointed out before, these form factors actually play the role of contributions to the exact vertex part, into which their effects will finally be transferred, and it is therefore not surprising that they are intimately related to quantities such as the familiar electromagnetic form factors (cf., section 4.2). In an expansion in powers of g 2 one obviously destroys and neglects the cloud and charge structure of the physical particles simultaneously with neglecting higher orders in g 2 (also if totally iterated graphs are accounted for) thereby eliminating at the same time interaction at all. Instead, a physically meaningful expansion must be It is important to notice that for g 2 -> oc the approximate propagators pass into free ones while the approximate Z-factors tend to one. This apparent "freezing-in" of the vacuum requires a reinterpretation since Fn-*~ 0, and Fn -> 0 and likewise
as g 2 -oo , although the successive approximations may be expected to be reliable only for bounded values of g 2 . The reinterpretation amounts to the introduction of an effective renormalized charge, ge(g 2 ), at each step of approximation, with g 2 playing now the role of an internal parameter which characterizes the cloud structure of the particles rather than a coupling. In the exact theory reaching Z = 1 for some finite g 2 would seem to imply the intervention of bound states. These questions will be discussed when we compare our results with those of GELL-MANN and Low 9 . At any case, the fact that Fn -> 0 for g 2 -oo might lead to the conjecture that also the exact vertex function and the form factors defined by it vanish for large g 2 if, as it should be the case in an axiomatic theory, the interaction causes the vanishing of the vertex part and that of the form factors for infinite momentum transfer. In quantum electrodynamics, the non-locality certainly will result in a lack of gauge invariance. We do not consider this as being a serious defect of the approximation scheme as long as there exists the possibility that the sequence of theories converges to the exact one in which the generalized WARD identity is satisfied. More precisely, we take the extended cloud structure, charge spread 9 M. GELL-MANN and F. E. Low, Phys. Rev. 95, 1300 [1954 , and consistent renormalizability to be of higher importance then the preservation of a local continuity equation. On the other hand, after all what has been said before, it may be asking to much of an approximate theory to satisfy all the requirements of the exact local theory.
Renormalization in Terms of Dispersion Relations
To account for a consistent dressing of the phy- 
Here, A(x, X) is a real auxiliary cutoff function with
A->d(x)
for >0 and the symbol * denotes the convolution in coordinate space so that
In relativistic theories where, for example,
whereas in the LEE model acts on the 0-particle.
In subsection 2.1 we restrict the discussion to the V-particle propagator of the LEE model and to the totally iterated bubble approximation of a rela- , for a real p > a, a vanishingly small positive imaginary part is to be added to p in the integrals defining propagators etc.).
Axiomatized Iterated Bubble Approximation
Let K(p) be the divergent lowest order unrenormalized proper self-energy of the particle in the local theory with K{M) = oo , K'[M) = oo (in the LEE model, K represents the exact expression, of course). Suppose A to be such that K(p)
is given by the limit of the corresponding finite unrenormalized self-energy Kx(p) of the cutoff theory (defined by
Kx{p) has the spectral representation oo By starting from the conventional HAMiLTONian and 5-matrix formalism, the unrenormalized boson or V-particle propagator in momentum space in the cutoff theory is given by
where the mass renormalization has been carried out according to
The cutoff function A(m, X) will therefore be chosen such as to make Kx{p) -SMx finite 10 . Hence, the unrenormalized propagator (0 < g0 2 < oo )
has no singularity in the complex p-plane cut from p = a to p = oo except the pole at p = M of the free propagator G0 = l/(p -M) with residuum Zx = 1/(1 -Kx {M)) ; in particular. Gux has no ghost pole. Therefore, by CAUCHY'S theorem, with the path of integration taken along both sides of the cut and closing by an infinite circle, what gives the contribution
the unrenormalized propagator satisfies the relation
for all p and for all values 0 < g0 2 < oo of the unrenormalized coupling g0 2 .
From (2.8), the renormalized propagator.
is seen to satisfy the axiomatically correct relation
with the renormalized coupling g 2 -gQ 2 Zx 11 being now restricted to the interval
(2.11) 10 Some properties of the cutoff theory are discussed in the Appendix.
The rather trivial relations (2.8) and (2.10) may be considered as integral equations for or as integral (i. e., spectral) representations of the propagators. Equ. (2.10) has been derived by LSZ 12a -12b -in a less trivial way -from the general requirements of axiomatic field theory what justifies the fundamental role played by (2.10) in an attempt to axiomatize a HAMiLTONian formalism. In fact, as will become clear in the following, extended cloud structure of physical particles, mathematically consistent renormalizability of the propagators for nonvanishing coupling and correct analytic structure of the propagators imply each other mutually.
If the restriction (2.11) is kept, then, since gc 2 ->0 in the local limit A-»-0, (2.10) implies Gx -> G0 . To escape this mapping of the theory into a free one 13 , the original formalism must be extended by the inclusion of a continuation principle which releases the theory from the limitation imposed by (2.11), thereby providing a continuation to values g 2 > gc 2 (to g 2 >0 in the local limit) of the propagator defined by (2.9) for g 2 <gc 2 . The well-known ghost propagators Gx (p) and G{p) = lim Gx(p) x^o which cease to satisfy (2.10) for g 2 >gc 2 are j ust the result of such an extension: Gx(p) follows by continuation to values g 2 >gc 2 of the propagator Gx(p) given by (2.9) and (2.10), i.e., of the integral on the right side of (2.10), by simply dropping the condition (2.11). This continuation obviously contradicts the positive-definiteness condi- [1952] . It is worth mentioning that the essential results of the present paper also remain valid if subtractions are included into the representation of the propagator.
However, the necessity of an extension of the theory by a continuation principle being recognized, it is clear that the only continuation process that guarantees the axiomatic structure of the resulting propagator for all values g 2 > 0 consists of a continuation into the domain g 2 >gc 2 of the integrand of the integral representation (2.10), i.e., of the spectral function ox (m,g 2 ) given for g 2 <gc 2 by
where
(2.14)
Then, the right side of (2.10) passes into a definition of an axiomatically correct propagator Gcx(p)
HAMiLTONian shows that ghost states appear only if a continuation of the unrenormalized coupling constant to imaginary values is made whereas one arrives at zero interaction if one insists that the coupling be real and thereby renounces a continuation concept. That ghosts may arise in approximations to an exact axiomatic theory is due to the fact that the renormalization effects and the cloud structure of the physical particle are governed by those higher-order effects which the approximations do not yet include. In this case, the continuation (for a given g 2 > 0) which yields ghosts is the one in the variable x or p of the approximate propagators into domains for which the approximations cannot yet be thrusted since they do not include the renormalization effects that become important in those regions. Then, to avoid ghosts one has to modify the concept of the FOURIER transform operation by changing the integration measure into one depending on g. This is of course equivalent to introducing a couplingdependent form factor. Thus, in any case, the entire difficulties seem to originate from the fact that an arbitrarily weak coupling, defined by an arbitrarily small g, may become arbitrarily strong the smaller the space-time region becomes in which the interaction takes place. 
The residuum of Gx (p) at this pole is given by
This is a particular case of Eq. (2.52). Since
it follows that for
(2.18)
We shall prove in the Appendix that Gcx(p) has no zeros in the cut p-plane.
From (2.15) Gc;. is seen to satisfy the relation
for all g 2 >0, X > 0, with the g-dependent form factor
Here, Ax and Bx are given by (2.13, 14) and Cx is defined by
(2.21)
Since Gcx(p) in the cut p-plane, it follows from (2.19) by a reversion of the argument similar to the one used in passing from (2.7) to (2.8) that Gcx(p) can be represented for all g 2 > 0 by the expression obtained from the right side of (2.9) by substituting there g 2 Qx{m) F 2 (m,g 2 ) for g 2 £>/(m):
for g 2 > 0 .
By comparing (2.22) with (2.9) and taking account of (2.2), (2.4) and (2.5), it is seen that Ga(p) represents a propagator which could have been obtained by renormalizing -without encountering restrictions upon g 2 -a theory described by the non-local interaction HAMiLTONian describes the "axiomatic continuation" into the domain g 2 >gc 2 of the original theory which worked only for g 2 < gc 2 . As was to be expected, the superimposed form factor Fx, which renders the theory to be axiomatic also for g 2 >ge 2 , depends explicitly on g. Of course, it would have been impossible to start with A = Ö (x), i. e., with the local theory, since then the spectral function in (2.12) would be defined for g = 0 only and no continuation process whatsoever would give more than just the free theory. However, for carrying out the continuation and for constructing a unique axiomatized theory it is obviously sufficient that ox(m, g 2 ) be known for arbitrarily small values of g 2 and X. Hence, the local H , furnished with an arbitrarily weak cutoff, actually is needed only in the limit of vanishingly small g 2 to determine the axiomatic theory (via the continuation of the spectral function) for larger values of g 2 .
The behaviour of g0 2 as a function of g 2 (Eq. (2.25)) is shown in Figs. 1 a and 1 b for X=p0 and X.-+0 respectively. These diagrams tell the whole story of the "axiomatization" of the HAMILTON formalism in the most obvious way. The second branch, g 2 >gc 2 (A), is in principle not attainable by the conventional HAMiLTONian and S-matrix formalism alone but only by the inclusion of the continuation principle suggested by the general axioms of the theory. A detailed analysis of the g0 2 -g 2 -relation for more general propagators will be given in II. Passing now to the limit A -> 0, thereby eliminating the auxiliary cutoffs A and A (A-> d, A-> 1) , we obtain the propagator of the "axiomatized iterated bubble approximation" for all values g 2 >0:
and (2.33)
Here,
are defined for g 2 >0 and Po(g 2 ) = lim pi is the ghost pole, i. e., the solution of the equation
The wave function renormalization is given by
which is finite for 0<g 2 <oo. Evidently, ZC = Z2 in the LEE model and ZC = Z3 in Quantum Electrodynamics or meson theory. Gc satisfies the relation:
Gc{p) obviously is the renormalized propagator of a theory described by the non-local interaction HAMiLTONian H / m=F(x,g 2 )*g0(g 2 )^(.:) (2.40)
with the special form factor F = lim A * Fi = d * F _ i-* o being given by (2.23) with A-> 1:
where F(m,g 2 ) is given by (2.33). Thus, the axiomatization of the local HAMiLTONian formalism results -to the order of approximation considered thus far -in a uniquely determined nonlocal interaction HAMiLTONian, H' [F] , with the special g-dependent form factor F(x, g 2 ). From where g0' = g0(0) = lnng0(g 2 ) and goHg 2 ) 9 =g 2 Z^(g 2 ).
(2-44)
Hence, the original local interaction HAMiLTONian H' = g0H with the particular finite value g0 = g0 ? whidi in general is different from zero, is asymptotic limit for g 2 -> + 0 of the nonlocal interaction HAMiLTONian H' [F] 16 .
Generalizations
The essential point to consider if one attempts to axiomatize DYSON'S formal perturbation theoretical renormalization scheme without being left with a free theory is that this scheme is mathematically consistent only if it is supplemented by a continuation principle that applies to the renormalized charge in the approximate propagators. In particular, a continuation of the absorptive part of the approximate self-energy gives rise to an apparently local theory with ghosts and requires the introduction of an indefinite metric in HILBERT space. On the other hand, the axiomatically correct continuation of the spectral function of the approximate propagator gives rise to a theory with a uniquely determined nonlocal HAMiLTONian. A definite gdependent form factor F d will always appear in H [F] if the exact vertex function of the original local theory does not vanish sufficiently rapidly for large momenta. This is the case, for example, in the LEE model where the above approximation already represents the exact expression. Then our approach yields a modified, however axiomatically correct theory. In local relativistic theories we do not know whether the interaction causes the exact vertex to vanish at large momenta. The conventional perturbation approximations to the vertex -via the selfenergy -do not have this property but in fact give rise to the same situation as does the bubble approximation considered above. The spectral function Q(m,g 2 ) of the exact renormalized proper boson (or V-particle) self-energy
involves the vertex function according to 12
where T\y is the ratio of the exact renormalized vertex function (for free particle momenta) to the zero-order vertex function, U > 0 is unknown and Q(m) has been given in section 2 (r = y = l in the LEE model where U = 0, / = 7 -, and y = y5 in neutral ps meson theory). In analogy with Eqs. (2.10, 11) the exact renormalized propagator
satisfies the relation
1=1
implies dM = oo . The above relations also follow from the axiomatic formulation. From (2.39) and (2.46) it follows that Gc(p) satisfies (2.48) if we put r = y F and U = 0. Although this choice is not unique, it still hints at the interpretation of F as a contribution to the exact vertex function. Of course, this problem should be further investigated in connection with higher-order perturbation approximations (cf., below); a rough estimation seems to confirm the guess but we have not analyzed the problem in detail. The spectral function Q(m,g 2 ) in (2.45) is related to the spectral function P(m, g0 2 ) of the exact unrenormalized proper self-energy
The higher-order perturbation approximations Qn(m, g 2 ) ( = polynomial in g 2 ) to Q (m, g 2 ) do not decrease sufficiently rapidly for oo . Hence, introducing an auxiliary cutoff An according to Qn -> Qn An 2 , the axiomatization of the n-th order approximate theory can be performed as that of the bubble approximation Qt = Q± = Q . In particular, substituting Qn An 2 for Q in (2.49) gives rise to a critical value gc n (A), and a continuation of the spectral function ox n of the approximate cutoff propagator beyond gc n gives, after passing to the limit A -> 0, the axiomatized approximation to the exact propagator, Gc n , with spectral function oc n (m, g 2 ).
From the axiomatic formulation of field theory one knows that the spectral function in the propagator -and not the absorptive part of the self-energyis the primary quantity that determines the dynamical properties of the system. As in the case of the axiomatized bubble approximation, the approximate propagator Gc n contains a definite form factor Fn(m, g 2 ) and belongs to a HAMiLTONian Hn' = H' [Fn] with form factor Fn(x, g 2 ) where Fn->1 and Fn^-d for g 2 0. It is important to notice that in calculating, e. g., the next higher approximation to the self-energy, viz. g 2 = g 2 Q + g 4 £2 ( m ) 5 one could already use the axiomatized bubble approximation Gc rather than G0 so that Q2 actually becomes a functional of F, Q2{m)-+ q2 [m, F[m, g 2 ) ]. This procedure -including also the correspondingly axiomatized fermion propagator -can in principle be iterated. However, except the axiomatized iterated bubble approximation Gc, probably none of the va- Then the corresponding ghost propagator is obtained from (2.47) with W replaced by W":
Under very general assumptions on Wn (they will be discussed in II) the axiomatized "n-th order""
propagator takes (in analogy with (2.18) and (2.30)) the form The implication of this result will be discussed in the next section. To prove (2.55), one observes that from (2.52) and (2.54) it follows that for g 2 -> oo
and, therefore.
Zcn 1 =[{[g-2n /J(M)]+o(g-2n )}dWn/dp0nr'
for g 2 -> + oc. Here we have used the fact that, for g 2^ oc .
p0n(g 2 )-+M. 
Singular Structure and Asymptotic Properties
In the limit moc. F behaves according to
If g 2 is sufficiently small, F^ (g0' 2 log m) for g 2 > 0. m -»-oc. In the limit of small g 2 (g 2 + 0). Since F and Fn tend to zero for m-> oo, convergence is ensured for any finite order approximation if g 2 >0. In the LEE model, for ju = 0 and sufficiently small g 2 the equation for p0 reduces to
whence Z.7 1 = g~2/[l + (M-*)/(*-p0) g 2 ] for g 2 -> +0. where p0--oo. On the other hand. p0 -> M for g 2 -> oo in which case Zc->1. In the relativistic case, the calculations are quite analoguous. g0 2 increases monotonuously with increasing g 2 (see Fig. 1 
b) and
Zö'-go'/g 2 for g 2 -+ + 0.
(3.5)
The charge of the cloud due to vacuum polarization is given by g -g0 and, in virtue of the above results, the theory describes not bare particles for g 2 -> + 0 but clothed physical particles whose bare core's charge (g0 -> g0') becomes compensated by that of the cloud as g 2 ->0. Hence the size of the cloud shrinks to the point occupied (or defined!) by the bare particle, the charge density of the cloud increases and finally "annihilates" that of the core, the result being free physical point-particles which do not interact with one another owing to their strong self-interaction. Since one cannot pass in a continuous way from g 2 = 0 to g 2 > 0, the free theory has to be defined as the limiting case g 2 -+0 of the theory with interaction. This limit is of course a non-uniform one and can only be approached indefinitely. Although the interaction H [F] remains different from zero in this limit, according to (2.43), the particle is characterized by a free propagator: Gc -> G0 for g 2 -> + 0 . It is readily verified that in virtue of the logarithmicbehaviour of the renormalized self-energy not only has Z(T 1 an essential singularity at g 2 = 0 but so have also , F and F and One therefore may ask more generally for the structure of axiomatic field theories the propagators of which have the ghost propagators of the conventional formally renormalized theories as asymptoticrepresentations for g 2 -+ 0. This gives of course a class of axiomatic theories in contrast with the unique theory obtained in this paper. One arrives at our unique Gc n if one requires that the class of axiomatic propagators Gr n which are asymptotically equivalent to G" be restricted by the condition that disc {£,."} = disc {G"} on the cut or, what is the same, that the spectral function of the propagator be analytic in g 2 . By starting from the requirement of asymptotic equivalence -in the sense of a physical correspondence principle -considerable information about the high-energy behaviour of field theories can be obtained and a mathematically correct meaning can be given to the method suggested by REDMOND. BOGOLIUBOV et al. for axiomatizing propagators. Of course, the physical meaning of such an approach -which has been discussed by one of us 5 -would remain obscure and could only be inferred (if at all) a posteriori, if one would not include form factors into the HAMiLTONian which do not contribute to the formal series expansions in powers of g 2 . At any case, the asymptotic properties of the theory make it evident that G" and H are needed only for g 2 -> -f 0 to determine the axiomatic theory. That H' = d * H' furnishes the bare core only with a point-like cloud in a formal expansion of the S-matrix in povers of g0 2 is immediately seen from the fact that Z^T 1 becomes infinite, in the way explained above, as g 2 -+0 and in a power-series expansion, whereas Z0 1 remains finite for g 2 >0. in which case the form factor F in H'[F] = F * H' is different from b. The conventional perturbation approach in fact fails since it treats all distances in the same way irrespective of the magnitude of the coupling. The presented approximation scheme, on the other hand, ensures a correct prolongation of the cloud up to arbitrarily small distances, thereby treating each distance in a way compatible with the presence of interaction in the considered space-time region. As has been mentioned in section 1. a physically sensitive expansion has then to be the one in powers of g0 F where one may neglect higher orders (in g0 F) without destroying the particles cloud or charge spread. It is obvious from the commutation relations
{[Z^d0(x,t)/dt,0(x\t)])o = lim [Gc(xv,xv) t>t' -Gq{xv,Xv') t<r ]
with Gc = dGc/dt that the form factors F, F are causal form factors.
In particular, we have lim lim [Gc(x, t) -Gc(x, -t)] = -i d{x) (3.8) and lim lim [Gü(x, t) -Gc(x, -t) ]
= -id(x) ' lim (g0' 2 /g 2 ). p ,2 -> +o Eq. (3.8) tells us that two interacting physical particles behave as if they were free if one lets first shrink their clouds to the cores and then brings them together. Eq. (3.9) refers to the case where the interacting particles first are brought together and then their common cloud shrinks to a point. Clearly, the familiar statement that the renormalized equal-time commutators are at least as singular as the free one is now restricted to imply that they are less singular than the one corresponding to the limit of vanishing interaction. Eqs. (3.8), (3.9) are due to the fact that the limiting processes g 2 -> 0 and p-> oo do not commute with one another.
It is easily seen that mass renormalization is still infinite for bosons in the axiomatized iterated bubble approximation:
Generally, the exact boson mass renormalization will always be infinite in any axiomatic theory the boson propagator of which has a ghost-propagator as an asymptotic representation for g 2 -> 0. In particular, this holds for Gc w . We show this in II. On the other hand, a generalization of the preceding formalism to relativistic fermion propagators shows that Z2 _1 as well as the mass renormalization for the fermions becomes finite in any axiomatic theory the fermion propagator of which has a ghost propagator as asymptotic representation for g 2 -> +0. This holds in particular for the axiomatized iterated bubble approximation of the fermion propagator-and likewise for higher approximations-of quantum electrodynamics and neutral ps meson theory. The reason for the fact that relativistic fermions' mass renormalization dM is finite in contrast with that of bosons (and with the dM of the Vparticle) is the lower order degree of increase of the fermion spectral function (cf. II).
The approximation scheme we have suggested is equivalent to one in which one starts from a (local) HAMiLTONian, applies a formal (re-) normalization to the physical states (cf. also section 4) obtained from the HAMiLTONian and constructs from these states the renormalized axiomatic spectral function o (m, g 2 ) directly. For this purpose, H' is needed only in the asymptotic limit g 2 ->• 0. While those approximations maintain the correct cloud structure, this structure is destroyed if one attempts to approximate formally the renormalized self-energy W or its absorptive part g 2 Q (m, g 2 ). The spectral function o of the exact theory actually is the primary quantity in the axiomatic theory,
[cf. (2.48)], while the absorptive part g 2 Q is the primary quantity in the HAMiLTONian formalism.
Physical Meaning of g 2 ; Effective Charge
The renormalized charge g cannot directly be interpreted as being the true physical charge.
The relation (2.55), viz.
Zc->1 and Zcn ->• 1 for g 2 -> oo , (3.12) could lead one to believe that the vacuum is "freezing-in" since its "polarizability" (go -g)/go tends to zero for g 2 -oo (although the successive approximations may be expected to be reliable only for bounded values of g 2 ; in the axiomatized LEE model we have a definite problem to solve since our first approximation already gives the exact theory). However, the correct interpretation of (3.12) rests upon the fact that, in the way it was obtained, the form factor F(x, g 2 ) is not automatically normalized to unity except for g 2 -> + 0. Indeed, except for g 2 ~> 0 where it coincides asymptotically with ge 2 . Instead, g 2 is now to be interpreted as being an internal parameter of the theory which characterizes the cloud structure of the physical particles or their interaction spread. Hence, while for g 2 ->-0 a free theory results in which the bare core is being compensated by the surrounding point cloud in the way described above with H' [F] g0' // 0 , ge -> 0, goe go' 0, the theory passes into another free one for g 2 -> 00 in the sense that H'[F] -> 0, ge-> 0, g0e-> 0, Gc-> G0 , where however the density of the cloud decreases with increasing cloud diameter. The function ge 2 (g 2 ) is given in Fig. 3 ; its maximum gives that value gx of g up to which the approximation may be expected to be reliable. The same value gx also characterizes the maximal value that can be reached by ge 2 considered as a function of goe 2 . A glance at Fig. 2 shows that GELL-MANN and Low's assertion 9 g0 = constant is confirmed in the limit of vanishingly small ge, i. e., d"goe 2 /d(ge 2 ) w ->0 for all n>l and goe 2 ->go' 2 as ge 2 ->0. This follows immediately from the corresponding expressions without the subscript "e", which are readily proved, taking into account that Fe -> F for g 2 -> 0. However, the function g0e 2 (ge 2 ) always remains in the physical domain Z _1 > 1.
is to be interpreted as being the true physical charge. Obviously, ge 2 (g 2 )=Zc(g 2 )goe 2 (g 2 ), (3.17)
together with ZC 1 for g 2 -> 00 implies that goe 2 is a two-valued function of g 2 with ge 2 -> 0 for g 2 -+ 00 and g 2 I2 g 2 > 0 for g 2 ->-0. g0e 2 as function of ge 2 is schematized in Fig. 2 . It is clear then that g 2 does no longer play the role of the charge, From (2.55) we know that Z = Zcw-^-l for also if higher approximations are taken into account and that, therefore, Fn -0, Fn -> 0 and Hn'0 for g 2 -> 00. Hence, the above reinterpretation of the theory in terms of an effective renormalized charge also applies to the higher axiomatized approximations and the function goe 2 (ge 2 ) will always be of the type schematized in Fig. 2 . If the approximate theories converge to the exact local one, then the essential characteristics of the function goe 2 (ge 2 ) -namely that its diagram consists of a two-valued curve which starts at some point g 2 -0, goe 2 and terminates at g 2 = goe 2 = 0 such that always Z < 1, -will be kept also for the exact theory. This implies, however, that GELL-MANN and Low's result, viz., g0e 2 = go' 2 = constant independent of g 2 , can hold (if at all) only for 0 < ge 2 < g0' 2 if go' 2 is finite and that the continuation of the function goe 2 (ge 2 ) 5 which is parametrized by the variable g 2 , must consist either of the diagonal Z = 1 down from gOe 2 = go' 2 to g0e 2 = O, g 2 = 0 or of any other curve inside the domain Z < 1 that reaches the origin with Z = 1. Hence, in contradistinction to GELL-MANN and Low's conjecture, there is no reason for excluding a finite g0' 2 .
On the other hand, while in the approximating curves g0e 2 (ge 2 ) the variable g 2 parametrizes the line and runs from zero to infinity (corresponding to gOe 2 = go 2 , ge 2 -0 and goe 2 = ge 2 = 0 respectively), it must be borne in mind that g 2 must become equal to g 2 if the exact theory is reached. Since, for a finite £O' 2 > ge 2 necessarily is bounded by g0' 2 , whereas g 2 is not, ge 2 cannot equal g 2 for g 2 > g0' 2 except that either g0' 2 = 00 or the sequence converges not properly or something very particular will happen that makes g 2 to stop if the straight line goe 2 = go 2 = const, reaches the point characterized by Z = l. We were not able to clarify this problem; it might be expected that reaching Z = 1 for g 2 = go' 2 implies the intervention of bound states. Since the form factors effectively play the role of the vertex in the approximate theories, and vanish for g 2 oo one might conjecture then that also the exact vertex part vanishes for sufficiently large values of g if the interaction renders the vertex to vanish at infinite momentum transfer in a accordance with the requirements of an axiomatic theory. In this connection it is interesting to note that in virtue of F -> d, Fn -> d for g 2 0 and/or n -> the variables g 2 and 1 jn play mathematically a role quite similar to the parameter e in familiar representations of the delta function, ö (x) = lim ö (x, e). It might very well be that a E -0 detailed analysis of the peculiar property for g 2 ->• oc of the approximating theories could give valuable informations about the structure of the exact local theory. For the time being, however, the results of this subsection merely imply that the approximate propagators may by physically useful for sufficiently small values of g 2 only. This and the fact that g 2 does no longer play the role of a coupling if it becomes to large, also prevents a discussion of strong coupling effects without further specifications.
Potential between Charges 18
The finite structure of the axiomatized theory and the singular type of physical particle obtained in the limit g 2 0 may of course most easily be visualized in terms of the potential between two charges. Taking quantum electrodynamics as basis, we obtain from the axiomatized iterated bubble approximation Gc(p,) the potential U (r) = 3 n V(r) with + 00 ™-</**«<*'> (3.18) = g 2 + y J dm 2 oc(m 2 , g 2 ) exp ( -m r) j
= (g 2 /r)[l+h(r,g 2 )]
oo with h(r, g 2 ) = J dm 2 oc(/n 2 , g 2 ) exp( -m r)
where Gv,(x,t) is the FOURIER transform of Gc{p,) and h(r,g 2 ) gives the measure for the deviation of the potential from the COULOMB one. Obviously the usual formally renormalized non-axiomatized iterated bubble approximation i. e., G could not have been used (it would change the sign of the potential at some r = r0) while the non-iterated bubble ap-proximation has been shown to be only a large distance approximation. From lim V(r) = g0 2 /r , lim V = g 2 \r r-»0 r-* oo the usual interpretation of the deviation from the COULOMB potential as being due to the charge cloud around the bare core due to vacuum polarization follows. That is, the original point charge evolves into a extended object as the result of its interaction with the electron-positron-photon vacuum. From (3.19) and (2.37) it follows that A(0,g 2 )=Z-1 -l and h(0, g 2 ) ~ g0' 2 /g 2 for g 2 -++0 (3.20)
while for any finite r>0 the convergence factor exp ( -m r) in h (r, g 2 ) and the fact that The substitution of h by h0 can be considered a good approximation for r [exp( -l/g 2 ) ]/me . However, the essential qualitative characteristics of h0 for small r will be present in h also for rSi [exp(-l/g 2 )]/me .
With those few formulas one can indeed verify all the statements previously made about the cloud structure of the particles, such as the appearance of point structures and divergences (Zc -1-^00 ) for g 2 -> 0. It is likewise easily to be seen how the particle passes into a free uncharged one as g 2 ->• 0 and similarly can the apparent "freezing-in" of the vacuum be inferred in the limit g 2 -> 00 which has led us to the introduction of the effective charge ge . The general behaviour of h(r,g 2 ) for small g 2 is schematized in Fig. 4 . The radius r0 is defined by h(r0,g 2 ) = 1, whence r0 -me _1 exp (-l/g 2 3 71). In the neighbourhood of r0 , h has a logarithmic behaviour and the region (I), 0 < r^ r0, gives the main contribution to the renormalization effects. This domain is of course not attainable by a perturbation approach. r0' is defined by h(r0', g 2 ) = ß with ß -g 2 , whence
In the neighbourhood of r0', h decreases exponentially, and r0' is "stable" with respect to g 2 ->-0. It is clear that the domain (II), r0 r <C r0', gives the relevant contributions to the radiative corrections to scattering and to the LAMB shift. In region (III), r !> r0', the effect of the polarization part of the cloud can be neglected. As g 2 -> 0, h tends to zero in regions II and III while the size of the region I shrinks to zero with a simultaneous increase of h. If the effective charge ge is introduced according to (3.16), h tends to zero everywhere as the structure parameter g 2 -> 00 while the situation for g 2 -> 0 remains unaltered (since then g~ ge).
One might expect that the picture would change completely if higher-order approximations are taken into account. However, it must be borne in mind that the situation encountered with at g 2 -0 is already the most singular case (in contrast with the perturbation theoretical result!). Therefore, and since F->d for g 2 -0, we are not so pessimistic to believe that the axiomatized iterated bubble approximation could not be thrusted at least for small g 2 . We observe that r0 could be identified with the gravitational radius R = RC of the electron if 3 n g 2 could be identified with the fine structure constant. However, in virtue of the exponential in (3.27), a small change in a produces a large change of r0 even if a remains of the order one. This clearly implies that the familiar guess 13 , viz., that the gravitational radius of the electron follows from the ghost pole Po(g 2 ) -with G = D'F -, is completely unjustified. In addition, we have seen that g does by no means play the role of the electron's charge. The only reasonable argument is the one referring to r0' = me~1 [Eq. (3.28) ] which, by the choice ß -g 2 , characterizes that domain [cf. (3.18] r^me -1 in which only 4-th and higher orders of the charge play a role. One might perhaps speculate as to the situation in case that a "universal length" of the order / = 10 -13 cm should turn out to play a role in physics. This seems suggestive, since the classical electron radius r0" = e 2 /me is of the same order as the radius r0"' = gpjmn given by meson theory. This situation, however, is not reproduced by the axiomatized theory, and the only length which is independent of the mass actually is given by the geometric mean /0 = (R • r0 ) 1/2 where R = m x is the gravitational radius of a particle with mass m and x the gravitation-constant. In case of the electron, m = me and /0-10 -32 cm 19 . It is of course not impossible that the gravitational radius -actually the only critical length that so far appears to be incorporated in a consistent way into a physical theory -plays the fundamental role one expects from it, last but not least since R increases with m while r0' decreases with increasing m.
Free Particle Spread
We have thus far not explained whether or not the variables x (or r) and t can be considered as spacetime coordinates. The arguments in section 3.3 apply, strictly speaking, only to fixed test charges but we consider the charge structure of the particles also as being associated with physical particles as a result of their interaction with the vacuum. The resulting charge spread is of course not to be confused with, but rather superimposed over, the mechanical (mass-) spread the non-interacting physical particles possess in consequence of the combination of relativistic and quantal properties (WEISSKOPF 20 ). This spread is usually interpreted as being the result of virtual pair creation if a sufficiently accurate localization of the particles is attempted.
We are, however, not quite sure whether this interpretation is entirely consistent since the charge or mass distribution due to this spread does in no way depend on the coupling. That is to say, this spread of the free particles should rather be explained entirely within the frame of the free theory as being a purely kinematic effect. In fact, localization of a particle in a small domain prevents, in virtue of the uncertainty relation, any precise knowledge of its velocity and thus of its rest-system and, therefore, as a result of LORENTZ contraction, prevents any precise knowledge about the space extent of the particle in the measuring system. The argument is easily put into formulae, giving a 20 V. F. WEISSKOPF, Phys. Rev. 56, 72 [1939] .
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spread of the order 21 r0' = m _1 . One may associate this spread with the bare quantum and superimpose the (dynamical) spread of the cloud due to the interaction.
Cloud Structure and Interaction-Spread of Physical Particles
In this section we represent physical particle states in terms of bare ones to show that a divergent wave function (re-)normalization Z _1 due to an insufficiently decreasing vertex function (or, more generally, absorptive part of the self-energy) implies that the size of the cloud of virtual quanta in the physical states reduces to the point occupied (or defined) by the bare quantum (and vice versa). The infinite Z~1 that gives the point cloud and originates from an insufficient decrease of g 2 Q(m,g 2 ) for m -> oo, must of course be distinguished from the infinite Z _1 that would result in case g 2 were infinite and g 2 finite while g 2 Q still decreases (as is the case, e.g., in the cutoff theory (A>0) for g 2 ->-gc 2 ) in which case the cloud still would have a finite extent. A finite Z~1 on the other hand corresponds to an extended cloud and conversely and only in this case is a consistent renormalization possible that leads to a theory of interacting particles. These statements hold of course for both exact and approximate theories. In the axiomatized theory described in the preceding sections, Z~1(g 2 ) is finite for g 2 > 0 but tends to infinity as g 2 -> 0 since then Q does no longer decrease sufficiently rapidly and the formal power series expansion of Z _1 has divergent coefficients. From this one can understand that the perturbation approximations reduce the cloud to a point. It should not be considered surprising then that the point cloud fails to reproduce any of the physical properties of the extended particle, in particular, that particles with a point-like cloud are not able to interact with one another (corresponding to a mapping of the theory into a free one). Of course, in renormalizing formally a field theory the above mentioned structures do not become explicit since such an approach does not tell anything about the cloud at small distances. We introduce, for the sake of generality, a parameter u such that Z = Zu -Z(u) becomes a function of u 21 Suppose the particle to have a spread Al, i.e., that it could be localized in a region of dimension not smaller than Al. The spread in the particle's rest-system would be Ax=Al/(\-v 2 ) 1 /* (ft = c = l). In virtue of the uncertainty relation Ap Al > 1, the rest-system is subject to a uncerand that Zu 1 < oo for u>0 but O for u-*0.
(4.1)
In accordance with what has been said before about the divergence of Z _1 , we suppose that ZM _1 be representable by an integral which diverges for u -> 0, the integrand however remaining finite. In particular, u can represent the cutoff parameter A if no axiomatic extension is performed. We shall, however, mostly interprete u as being the renormalized (effective) charge of our axiomatized theory, u = g 2 or u = g 2 .
The fact that in describing the cloud or interaction spread of the physical particles we use a representation of physical states in terms of bare ones is of course subject to the familiar objection that the creation operators as well as the bare particle states are only formal entities that do not correspond to physically observable quantities. One might be tempted to avoid the bare particle concept at all by comparing the extended cloud of an interacting particle with the point-cloud defined by the free physical particle via a representation of the physical state of the former in terms of the states of the latter one. Since, however, the support of the singular free dressed particles obtained in the limit g 2 + 0 coincides with the point defined by the bare particle one is left in the same boat with the previous problem. A mathematically more satisfactory approach might perhaps consist in using functional concepts. For instance, the size of the cloud of a particle cloud be defined by the support of a test function cp (x). Then the point-like cloud will be described by the limit cp d of the functional
which is essentially equivalent to the definition of Z -1 <5.
It is clear, that the arguments of section 3.4 concerning the kinematical spread of the free particle also apply to the following discussion. It is mainly because of this spread that the (relativistic) creation operators do not create particles "at a point x", but in a domain with "center" at x.
Non-relativistic Theory
Let 0) denote the bare = physical vacuum and let j p) be a physical one-particle state (momentum p = p) with + / dp' fu{p,p)
the particular structure of which is given by the selection rules, fu being a weight function. Introducing the states | x, a) = (2 n) -3/2 J dp | p, a) exp ( -ipx) and the operators (4.4)
etc. we have obviously
where fu (x, y = (2 n) ~»' 2 f dp' dp" fu (p\ p") (4.6)
•exp{-i(p x + p"y)} .
The physical particle states thus far considered obviously are the unrenormalized states. We now have to renormalize (that is to say, to normalize) them.
From ( = (l+/dp'|/M(p,p')| 2 + ...)-1/2 and thus would seem to depend on p. If Z were independent of p, the (re-) normalized physical states will be defined by is a measure for the cloud structure or charge spread of the physical particle.
Let us now suppose that fu(p,p ) in (4.3) is independent of p:
(4.13)
Physically this assumption obviously means that the (renormalized) masses ma, my, of the a-and bparticles are much larger than the mass mc of the cparticle.
This also is clear since /«(p, p') behaves essentially like
if ma mc, mb mc . In consequence of this hypothesis, the wave function renormalization Z, Equ. (4,7), does no loger depend on p.
From (5.13) it follows that
(4.14) where fu(x) = (2 n) ~3 /2 / dp/M(p) exp (-ixp 
The right side without further terms just reveals the situation given by the LEE model (a = V, b = N, c = & particle). Let us now interprete A + (x) as the operator which creates a physical particle whose "center is at x". The cloud's structure and size is defined through su Zuv~fu(x). Confining ourselves to the LEE models by keeping only the first two terms on the right side of (4.16) -a discussion of more general schemes makes no difficulty -we have from (4.8, 9) Zu+ f dp' Zu | fu(p) | 2 = 1,
(4.17)
By hypothesis (4.1) we have in virtue of (4.7), lim /dp'|/u(p,p')| 2 =oc (4.18) and with (4.13) lim / dp' | fu(p') | 2 = oo,
This implies that under rather general assumptions about/(p') =lim/M(p') the function f(x) =lim/M(x) «->0 M->0 will be finite for x 0. This is so, e. g., if
Since according to (4.1) Zu-0 for u->0 it follows from (4.17) and (4.12) that for su = Zu ll2 fu we have 
we would have a cloud on the surface of a sphere of radius d with center at the bare core. A field theory giving such a particle would contain "o?" as an "elementary length". In addition one probably would arrive at instantaneous action at a distance and accausality, because of the peculiar structure of the cloud.
Relativistic Theory
We present the arguments in a rather schematic way for the relativistic case. The essential point to consider is now of course the non-equality of physical and bare vacuum.
The physical vacuum | 0 ), defined by P^ | 0 ) = 0, can formally be expressed in terms of the bare vacuum | 0 ), defined by Po 0 ) = 0 , according to (we write ju = t) I 0 > = | 0'} + / dp dp dp'7(p, p' p") <5 (p + p' + p")
where we have excluded interactions with derivative coupling. The norm
is infinite: L is a divergent integral and (5(0) represents the infinite space volume. Of course, one can formally introduce a normalized physical vacuum,
so that (0 | 0) = 1. In order to get a reasonable definition of cloud or interaction spread, however, it is essential to define the cloud structure in relation to the physical vacuum, i. e., in such a way that the term exp [ -(5(0) L/2] does not enter into its definition.
To this end, let us introduce the physical particle state j p), with Pu|p)=p«|p), pv 2 = rrr, through a creation operator A + (p) such that the state of the (relativistic) a-particle is given by
Similarly for the relativistic b-, c-particles. A, A + may, for instance, be given through the FOURIER representation of the ingoing fields:
Ain (xy) = (2 71) s< 2 J dp [2 co (p) ] (4.27)
Of course, the A used here are of an entirely different nature as compared with the operators used in the non-relativistic case. The latter ones only involved creation operators, did not satisfy the commutation relations and described essentially the cloud of the physical one-particle state. On the other hand, the relativistic operators generally are functional of bare creation and annihilation operators and describe, by iterated application to the vacuum state JO), both scattering and one-particle states.
The essential point is now to define the cloud or interaction spread in terms of physically "commensurable quantities". To this end we introduce a "bare with respect to physical vacuum" state, defined by 
= (0| A(xS) VwCpTlMp) A + (p') 10).
With (z, t) = (x, i') = 0 we obtain from (4.33, 34), , (4.31, 32) . It is readily verified that the Z in (4.32) is identical with the one obtained from the propagator G = (0 j TA{x) A (x') j 0) and that
Therefore, Z is not a measure for the probability of finding a bare in a physical state but gives a measure for the probability of finding a "bare wiht respect to the physical vacuum" -state in a physical state.
Let now , f2 be defined according to
and let us consider, in particular, quantum electrodynamics and take a-particle = photon, b = electron, c = positron (spin and polarization indizes are, of course, neglected where now of course Z = Z3 and
We therefore may interprete Z3 1/2 /1 and Z 3 112 f 2 as being a measure for the "interaction-spread" of electron-positron scattering. And indirectly these quantities give a measure for the cloud structure. Indeed, Z3 1/2 j x (x -x\x -x") gives the probability amplitude for finding a "bare with respect to physical vacuum"-photon at the point x in an electronpositron state with the "centers" of the electron and positron being at x and x", respectively. COMPTON scattering, via (06 + ]iT/i + 0) and Z = Z2 can be treated in the same way. Zd(p-p)+Zj dp"
and therefore
-Z/dp' dp | /2 (p, p') | 2 = (2 3 (1 -Z) ^ (0). It is clear that this approach differs in a very fundamental way from the one of the non-relativistic case. It is by no means possible to render the analogy closer because the "bare with respect to the physical vacuum"-states do not constitue an orthogonal set. Nevertheless, the physical analogy of the relativistic case as discussed here with the situation encountered with in the discussion of the potential in section 3.3 becomes clear if one remembers that the spectral function oc which enters the potential is just given by the square of a sum over physical intermediate states of the type B + C + 0) as given in (4.37).
The structure functions • (Pbv + Pcv) vcT (p'bv,~p'c'v) . (4.50)
Conclusion
In sections 2 and 3 we have shown that the form factors F, Fn can be interpreted as contributions to the vertex function making use of the fact that according to eq. (2.46) the absorptive part g 2 Q(m, g 2 ) of the self-energy is bounded below by g 2 £> | T\y | 2 .
Since however the contribution g 2 Q\T \ 2 \G\ 2 of the two-fermion state to the spectral function given by eq. (4.47), i.e.,
F=(DY/DI?)F
in usual notation. Since G/G0-+ Z _1 = Z3 _1 for p = kv 2 -+ oo, it is obvious that the does not contribute to the spectral function but may be used to render F analytic in the cut complex plane. 24 Those particles, as shown in sections 2 and 3, are nevertheless described by a non-vanishing interaction HAMiLTONian {go' Hi-0).
electromagnetic form factors only vanish at infinite momentum transfer simultaneously with _T if Z _1 is finite, representing point structures as do the s,-and F for g 2 -> 0. It is clear that the form factors S{ and F -and not T -are the physically relevant, measurable quantities upon which a theory must be based and that these quantities actually describe the spread caused by and associated with a non-zero charge relative to the point structure associated with a zero charge. In this sense our previous statement about the role of the bare particles is to be understood: The fact that the cloud of the physical particle shrinks to the point occupied by the bare quantum as g 2 ->-0 means that the operator of the bare quantum only defines the point to which the size of the physical particle would reduce if its charge would tend to zero. That is to say, at least the coordinate space variable introduced by the bare operators would remain if one attempts to express a physical particle state with g 2 >0 in terms of physical states with g 2 -0, thereby avoiding the explicit use of the bare particle concept. One knows that owing to the intrinsic kinematical spread due to the combination of relativistic and quanta! properties the bare operators do not create particles at a point in coordinate space. On the other hand, the physical meaning of the coordinate space and its relation to space-time is not quite clear since the actual description of the physical properties of particles -also that of the cloud structure and charge spread!-is based on energetical considerations. By starting from operators in momentum space we have defined the (flat) coordinate space via the usual FOURIER operator, and thus have arrived at the above picture.
We cannot be sure a priori whether this FOURIER operator -and, therefore, the LORENTZ group -does not merely represent an asymptotic concept valid for (and defining) large distances and so might not apply to the charge structure functions.
It is clear that the formalism discussed in the preceding sections may also be applied to more complicated systems, as for example to the ghost state problem in the nonlinear spinor theory and to fourfermion interactions. The intimate connection of the results so far reported with FEYNMAN'S operator and proper-time calculus, functional methods and the techniques of VOLTERRA and LAPPO-DANILEWSKY for solving equations like that for the 5-matrix without having recourse to coupling constant expansions lies on hand. The relation of those theories with the asymptotic structures encountered in sections 2 and 3 is easily made explicit by representing the spectral function o (m,g 2 ) of the propagator by a STIELTJES integral with respect to the coupling, a (in, g 2 ) = j> dzr(m,z)/(g 2 z + 1) so that the propagator admits of a double representation, £(p)=Co+ ff dmdzrfm, z)/(p-m) (g 2 z+l), and applying the classical techniques of generating functions, moment problem etc. 25 . Such a representation seems to be essential if one attempts to account for the fact that one cannot, in general, treat problems referring to coupling and interaction strenghts in a way completely independent of the space-time region in which the interaction takes place.
